Abstract. In this paper, a new approach for the detection of cracks and defects inside dielectric structures is presented. The proposed algorithm is based on the Linear Sampling Method, which is a technique able to find the external shape of unknown objects starting from far-field measurements of the scattered electric field. In particular, in this contribution, the efficient No-Sampling Linear Sampling Method is modified in order to provide a reconstruction of the positions and shapes of defects located inside a known structure. This task is accomplished by inserting the Green's function of the unperturbed object into the farfield equation. The effectiveness of the approach is assessed by means of numerical simulations.
Introduction
The imaging community is continuously searching for new and efficient diagnostic techniques able to inspect materials and structures in a wide class of applications, ranging from non-destructive evaluation and testing (NDE/NDT) to biomedical imaging and subsurface detection. In the last years there has been a growing interest in the development of imaging techniques based on the use of electromagnetic radiation in the resonant range. Eddy currents techniques, for example, are now very popular in several engineering areas and are continuously enhanced and improved. Electromagnetic fields at higher frequencies (e.g., microwaves and millimeter waves) are also considered powerful inspection radiations. This is demonstrated by the scientific literature on the subject, which is now almost monumental. The reader can refer to the papers [1−12] and the references therein. In microwave imaging systems, the targets are usually illuminated by several incident waves of wavelengths comparable to the linear dimension of the scatterers and samples of the scattered field are measured at certain locations outside the investigation area. Starting from the measured data, some parameters of the object under test are deduced by using a given "inversion" method. There are two main problems associated with these imaging techniques. The first one concerns the low spatial resolution which is evidently associated to a radiation in the centimeter or millimeter ranges. However, from this viewpoint it should be observed that for approaches developed directly in the spatial domain, the resolution in not limited by the Rayleigh criterion, which holds true for spectral domain methods, such as the diffraction tomography. Resolutions equal to fractions of the incident wavelength have been proven, e.g., allowing for the detection of small tumors in microwave medical imaging. Despite this, resolution is still a problem in a lot of potential applications (e.g., homeland security,) so that microwave imaging should be used in combination with other techniques. On the other hand, they exhibit a very high specificity, since they are able to directly provide the values of the dielectric parameters, which cannot be retrieved by using other techniques. Moreover, since they use a low level non-ionizing radiation, they are safe and can potentially allow for a continuous monitoring without health risks for operators. In addition, the low cost of the apparatuses is another appreciable feature of microwave imaging systems. The second main limitation is related to the high computational load of usual microwave imaging techniques. Actually, since the wavelength of the illuminating field is comparable to the linear dimensions of the objects under test, the "response" of the scatterers to the incident waves is governed by scattering laws. As a result, the information of the scatterer is included in a complex way in the measured samples of the scattered field. Retrieving such information usually results in a complicated inverse problem, numerically very cumbersome. The aim of the present paper is just to develop an approach able to overcome this second limitation, i.e., to propose a fast and effective method based on inverse scattering. It is worth noting that in the scientific literature many approaches have been proposed to face this aspect by using both deterministic and stochastic methods. For instance, genetic algorithms [13, 14] and particle swarm optimization based procedures [15] have been successfully applied to deal with the ill-posed inverse problem, as well as the deterministic strategies described in [16] based on level sets. The main idea pursued here is extend a fast and new qualitative inverse approach (i.e., a procedure able to retrieve only some features of a given target) to take into account a priori information on the target, by means of the related Green's function. This approach differs from the previously proposed ones [17, 18] since it is not aimed at retrieving the point values of the dielectric parameters, but at providing information only on the positions and shapes of the defects with a notable saving of computational resources. This combined strategy applies very efficiently in situations in which much information is available about the target and a relative small "perturbation" is to be retrieved. A significant example is nondestructive testing, where a known target may contain a crack to detect. The position of the defect and its shape are sufficient information in many applications (e.g., quality analysis and residual life prediction of a given apparatus). By using traditional techniques based on inverse scattering, a problem of this kind could be treated by considering the "whole" target (i.e., the object with the defect). This results in a very complex numerical problem where one has to maximize the spatial resolution. Consequently, the computation time cannot be short whatever inversion method is applied. In the proposed approach, the inversion is performed by using the Linear Sampling Method (LSM) [19−25] , which is very effective in reconstructing the shape of a scatterer, and the a priori information about the "unperturbed" object is included in the model by the numerical computation of the proper Green's function for the structure to be inspected. As a result, only the defect represents the "object" to be retrieved, whereas the unperturbed body represents the inhomogeneous "propagation medium," properly taken into account by the Green's function. The paper is organized as follows. In Section II the formulation of the approach is described, without providing redundant mathematical aspects related to the data inversion and integral equation discretizations. On the contrary, more emphasis will be given to the combined strategy and the assumptions making the approach effective. A discussion about limitations of the proposed methods is reported, too. Moreover, in Section III some examples concerning structures with dielectric parameters similar to those encountered in real applicative areas are reported. Finally, some conclusions are drawn in Section IV.
Mathematical formulation
With reference to Figure 1 , let us consider an infinite dielectric cylinder constituted by non-magnetic material, embedded in a known test region. Without loss of generality, the axis of the cylinder is supposed to be parallel to the z axis. The cross section of the cylinder is assumed to be inhomogeneous and characterized by a relative dielectric permittivity ( ) The target has a defect to be detected. Position and shape of the crack are problem unknowns. The material of the crack is unessential. It could be air, water, rust, etc. The proposed approach works in any cases in which the dielectric properties of the defect differs from those of the surrounding medium. A model of the unperturbed target is assumed to be known. This is of course a very reasonable assumption in NDT applications. Analogously to the actual configuration (i.e., with defects,) the dielectric characteristics of the model are summarized by a reference contrast function, defined as respectively, of the cross section of the defect-free structure. The first step of the proposed strategy consists in the computation of the Green's function for the considered unperturbed structure. If the illuminating fields have the electric field vectors parallel to the cylinder's axis, no depolarization effects are present and the scattered field is z-polarized, too. Consequently, since all the vector quantities involved are z-directed and independent of z, the problem is actually a two-dimensional (2D) scalar problem. Consequently, we look for a 2D scalar Green's function. By definition, this function is the z-component of the vector potential generated by a unit line current source, i.e., it is the solution of the following integral equation [26] ( 
is the free-space wavenumber. The above equation can be numerically solved by using the Method of Moments, which "discretizes" the involved integral. We use pulse basis functions and Dirac delta distributions as testing functions [27] . More precisely, we use N pulse functions with supports n Ω , n = 1,…,N, centered at n r′ , n = 1,…,N, and M testing points m r , m = 1,…,M, corresponding to the locations where the measures of the electric field are collected. As a result, equation (3) can be reduced to the following matrix equation that propagates in an inhomogeneous medium and can be considered as the "incident" field used to find the defect in the original structure. The defect will produce a field ( ) d r, e expressed as [26] (
Ω is the region occupied by the object and
It is worth noting that since
, the integral in (5) can be limited to the area occupied by the defect. Equation (5) can be discretized, too: This would result in another matrix equation to be solved allowing one to limit the investigation to a small area around the defect. More specifically, the reduced "investigation domain" could be "scanned" inside the original structure until the defect is revealed. Nevertheless, if the localization and shaping of the crack is the only objective of the investigation (i.e., retrieving the material of the inclusion is not of interest, like in many NDT problems), a far more efficient solution can be found. In particular, the LSM can be used, which is a fast inversion method based on the so-called far field equation [28] ( ) ( ) ( ) ( ) It has been proven [20] that the function r′ γ (which depends on the point
blows up when r′ approaches the boundaries of the defect and is large outside. In this way, an algorithm for the visualization of the shape of the scatterer under test can be formulated. More precisely, the far-field equation (6) is solved for each point of a grid contained in test Ω , and the norms of these solutions are used to visualize the investigated object. Since the measured data are corrupted by noise, a regularization procedure is required to solve equation (6); we remark that the computation of a regularization parameter is needed for each point of the grid. Usually, the LSM is applied to find targets in free space, i.e., to retrieve the external shape of the object (in this case, 0 g g model = ). Combining the LSM with the numerically computed Green's function for inhomogeneous structures, allows one to detect the shape of an "unexpected object" (e.g., a defect) inside the unperturbed configuration.
Moreover, to further improve the effectiveness of the proposed approach, we adopted here the so called nosampling LSM, which has been proposed in [20] . This improved version of the method is based on a functional formulation of the traditional LSM on a direct sum of Hilbert spaces, which allows a "one-shot" regularization procedure. This means that, opposite of the classic approach, only one regularization parameter is needed and it can be found in an efficient way. This fact notably speeds up the inversion algorithm and no deterioration of the reconstruction accuracy is caused. Concerning the whole procedure, it should be stressed that no approximation different from the numerical ones have been introduced in the computation, consequently, the approach is valid for both weak and strong scatterers. Moreover, it also important to recall that the only cumbersome computation is performed off line and once for all, whereas the on line computation is very fast (some computational data will be provided in the next section).
Numerical results
The effectiveness of the proposed approach in retrieving the positions and shapes of defects has been assessed by means of numerical simulations. In particular, the results reported in this Section refer to the detection of cracks in a model of cement pillar. In order to simulate a realistic framework, the considered structures were modeled by using dielectric parameters similar to those encountered in the area of civil engineering.
The working angular frequency was ω = 6π 10 9 rad/s. The test area was illuminated by using M = 36 linecurrent sources uniformly distributed on a circumference of radius a and the electric field was collected in M = 36 measurement points uniformly distributed on a circumference of radius b. Consequently, the positions of the measurements points and of the sources can be written as (8) with m = 1,…,M. The values of a and b were chosen such that the antennas were in the far field region of the test area. In the first case, a pillar with square cross section made of homogeneous cement paste with dielectric permittivity ε c = 2.37ε 0 and electric conductivity σ c = 5.7·10 −4 [29] has been considered (Figure 2 .) The pillar was centered in the origin of the coordinate system and had sides W = 3λ 0 and L = 3λ 0 , respectively. Hereafter λ 0 denotes the wavelength of a uniform plane wave travelling through the vacuum at the angular frequency ω. A single crack, modeled as a rectangular void cylinder with sides w = λ 0 /2 and l = λ 0 /2, respectively, was located at d r = (λ 0 /3, −λ 0 /3). The "measured" data (far field patterns produced by the actual and reference configurations) needed by the reconstruction procedure have been simulated by means of a direct solver based on the Method of Moments. Moreover, a Gaussian noise with zero mean value and variance corresponding to a signal-to-noise ratio (SNR) of 25 dB has been added to the simulated data. The equations involved in the inversion algorithm are discretized by using N = 3969 pulse basis functions and M = 36 testing points, corresponding to the M measurement locations. Figure 3 shows the normalized indicator function As can be seen, a peak is clearly present in the location where the crack is located. Figure 4 shows a binary map obtained by thresholding the normalized indicator function with a threshold equal to th i = 0.5. As can be seen, the support of the defect is correctly identified. Figure 6 shows the normalized indicator function obtained by the proposed method, and Figure 7 report the corresponding binary map (calculated with a a threshold equal to th i = 0.5). As can be seen, the support of both defects is correctly identified. Figure 9 reports the normalized indicator function, whereas Figure 10 shows the corresponding binary image (obtained by using the threshold th i = 0.5). Also in this case, the proposed approach is able to correctly identify position and shape of the crack. Finally, the same configuration has been inspected without considering the four rebars in the model. The obtained results are shown in Figure 11 (normalized indicator function) and 12 (binary image with threshold th i = 0.5). As can be seen, the proposed approach is able to localize both the rebars (which are strong conductors) and the crack. Concerning the computational load of the approach, the time needed (on a PC equipped with a AMD Athlon XP 2400+ cpu and 1.5 GB of RAM) to compute the inhomogeneous Green's function was 140.9 s, whereas the LSM took 0.5 s to obtain the reconstruction of the investigation area. It is worth noting that the Green's function can be computed off line and once for every kind of structure. 
Conclusions
The combination of an inhomogeneous Green's function with an efficient version of the Linear Sampling Method allows one to efficiently inspecting dielectric materials at microwave frequencies. The new approach is proposed for the detection of defects and cracks inside arbitrarily shaped known structures. A new version of the Linear Sampling Method called the no Sampling Linear Sampling has been used, so that only "oneshot" regularization needs to be performed to retrieve the position and the shape of the defect inside a known structure. Since the computation of the inhomogeneous Green's function is performed off line and once for all, the inversion of the data is fast and efficient. The reported numerical results are encouraging, although they should be considered as preliminary. In particular, inspections of concrete pillars have been addressed and in the considered tests the smallest size of the detected defect is 2/5λ 0 . However, it is worth noting that, since theoretical results on the maximum resolution power of the no Sampling Linear Sampling Method for inhomogeneous background are not yet available, our result is limited to the considered configuration. Moreover, the imaging procedure has been resulted not dependent on the position of the defect inside the test region. Further assessment, in particular concerning the effects of errors on the model and on the deterioration in the quality of the reconstructions when near-field measures are collected, will be performed in the near future.
